Abstract: Many cases have indicated that the conductivity and permeability of porous media may decrease to zero at a nonzero percolation porosity instead of zero porosity. However, there is still a lack of a theoretical basis for the percolation mechanisms of the conductivity and permeability. In this paper, the analytical percolation expressions of both conductivity and permeability are derived based on fractal theory by introducing the critical porosity. The percolation models of the conductivity and permeability were found to be closely related to the critical porosity and microstructural parameters. The simulation results demonstrated that the existence of the critical could lead to the non-Archie phenomenon. Meanwhile, the increasing critical porosity could significantly decrease the permeability and the conductivity at low porosity. Besides, the complex microstructure could result in more stagnant pores and a higher critical porosity. This study proves the importance of the critical porosity in accurately evaluating the conductivity and permeability, and reveals the percolation mechanisms of the conductivity and permeability in complex reservoirs. By comparing the predicted conductivity and permeability with the available experimental data, the validity of the proposed percolation models is verified.
Introduction
Electrical conductivity and permeability are the crucial macroscopic parameters in characterizing current and fluid flow behaviors in porous media, and have numerous applications in the geology, petroleum, and chemical engineering, hydrology, and soil science. Although electrical conductivity and permeability have been studied over the past decades, modeling and predicting conductivity and permeability are still great challenges. The inherent complexity of both conductivity and permeability is due to its dependence on microscopic, pore-scale properties such as connectivity, tortuosity, and pore sizes. Because the conductivity and permeability of a porous medium are strongly affected by the pore structure, the reliable theoretical assessment of the conductivity and permeability based on the medium structural characteristics is important.
Due to the complex geometric microstructure and multiscale pore structure [1] [2] [3] , it is difficult to use conventional geometric methods to accurately describe the conductivity and permeability of porous media. Since fractal theory was introduced by Mandelbrot [4] , it has contributed significantly to the research on the rock-electric and seepage characteristics in complex reservoirs [5] [6] [7] [8] [9] [10] [11] [12] [13] . Direct experimental measurements have been applied to the study of fractal characterizations [14] , and fractal analysis has become a powerful tool for quantifying the irregularity and complexity of porous media [15] [16] [17] [18] [19] [20] [21] . In the application, there are numerous examples that present the application of fractal theory to analyze porous media. Roy and Tarafdar [22] simulated a realistic Archie exponent by using a three-dimensional fractal model, and used a random walk parameter to show the fractal nature of the pore space. Coleman and Vassilicos [11, 12] further proved the validity of that method. Nigmatullin et al. [23] assumed that the minimum pore size involved in electrical conduction through saturated rocks is the same as the minimum pore size in the fractal pore structure, and presented a fractal model that led to the Archie's equation. By means of the fractal geometry method, Wei et al. [24] derived an analytical model for electrical conductivity that has a direct physical basis. In addition, Pitchumani and Ramakrishnan [25] gave the permeability in terms of pore fractal dimension and tortuosity fractal dimension, which respectively describe the size distribution and the tortuous degree of the capillaries. Yu and Li [21] deduced a unified model to study the fractal character of porous media, and proposed a criterion to determine whether a porous medium can be characterized by fractal theory. Xu and Yu [26] developed a new form of permeability and Kozeny-Carman constant by means of fractal geometry. However, several observations and studies have suggested that there exists a percolation porosity below which the remaining porosity is disconnected and does not contribute to current and fluid flow [27] [28] [29] . Many traditional and recently presented fractal models have been unable to explain this phenomenon. Many experimental studies have shown that the percolation behavior of pore space is one of the most important characteristics, having a huge influence on the conductivity and permeability. Several empirical percolation models were proposed by the analysis of the experimental data to model and study the electrical and fluid transport properties in porous media [30] [31] [32] [33] [34] [35] [36] [37] [38] , but a theoretical basis for the percolation mechanisms of the conductivity and permeability is still lacking.
In order to develop a good understanding of the percolation mechanisms of the conductivity and permeability in porous media (especially in tight sandstones and microporous carbonates), in this paper, the analytical expressions are developed using the fractal geometry theory to link the conductivity and permeability to the critical porosity and microstructural parameters. The objectives of this work were to provide the theoretical basis for the percolation mechanisms of the conductivity and permeability, study the significant effect of the critical porosity and microstructure on the rock-electric and seepage characteristics, and estimate the conductivity and permeability more accurately. Both the conductivity and permeability percolation models are experimentally verified.
Theoretical Formulation

Fractal Characteristics of Porous Media
In porous media, studies have shown that pore microstructure (e.g., the pore size distribution) displays fractal characteristics [39] [40] [41] [42] . It is assumed that porous media consist of tortuous capillaries with variable lengths and diameters. According to fractal theory, the number of cumulative capillaries has been proven to obey the fractal scaling law [43] :
where N is the number of capillaries whose diameters are greater than or equal to r, D f is the fractal dimension for pore space, the typical range of D f is 1 < D f < 2 in two dimensions or 2 < D f < 3 in three dimensions, and r max is the maximum diameter of capillaries.
Replacing r with r min in Equation (1) yields the total number of pores/capillaries:
where N t is the total number of capillaries in porous media, and r min is the minimum diameter of capillaries. For fractal porous media, pore size distribution is considered as a continuous and differentiable function. Through differentiating Equation (1) with respect to r, one can obtain the number of capillaries/pores whose sizes are within the infinitesimal range r to r + dr:
The negative sign on the left side means that the number of pores decreases with increasing pore diameter. Dividing Equation (3) by Equation (2) yields the probability density function of pore size distribution [44] :
According to probability theory, the integration result of f (r) should satisfy the normalization relationship:
Thus, one can obtain the following equation from Equation (5):
Generally, r min is assumed to be much smaller than r max , thereby Equation (6) holds for fractal porous media.
As for the complex pore space, suppose that there exist tortuous capillaries rather than straight capillaries. Tortuous capillaries in porous media have been proven to show self-similar and fractal behaviors, and thus the tortuous length of capillaries also follows the fractal scaling law [45] :
where D t is the tortuosity fractal dimension of pore space, with 1 ≤ D t ≤ 2 and 1 ≤ D t ≤ 3 for twoand three-dimensional spaces, respectively. A value of D t = 1 represents a straight capillary, while a greater value of D t > 1 corresponds to a tortuous capillary. Then, the tortuosity is defined as the ratio of the tortuous length L to the straight-line length L 0 [46] , and the tortuosity is also scale dependent. Therefore, the fractal tortuosity can be derived from Equation (7):
where τ is the fractal tortuosity. For the case of tortuous capillaries, the total cumulative volume of pores can be obtained by:
Meanwhile, the pore volume with pore diameter less than r c can be expressed as follows:
where r c denotes the critical pore diameter, which controls the conductive or seepage properties, and below the critical pore diameter, it is considered that there is no current and fluid flowing through a porous medium (i.e., the conductivity and permeability become zero). It is possible to relate the critical porosity to the corresponding critical pore diameter using Equations (9) and (10):
where φ c represents the critical porosity or stagnant porosity, which corresponds to the critical pore diameter and reflects the pore connectivity, and the greater the critical porosity is, the worse the connectivity is. The porosity, pore sizes, and the fractal dimensions are related by:
where D e is the Euclidean dimension, with D e = 2 and 3 for two-and three-dimensional spaces. In the following analysis and discussion, the taken value of D e is 3. Assuming r min r max , and using Equation (12) can simplify Equation (11) as:
Fractal Analysis of the Rock-Electric Property
As for the tortuous pore space fully saturated with water, Archie's equation can be expressed in terms of the tortuosity factor [47] :
where σ w and σ are the electrical conductivity of water and porous media, respectively, and φ and τ are the porosity and tortuosity, respectively. Considering that only effective connected pores contribute to the conductivity, by taking the critical porosity into account, Equation (14) is further modified as follows:
where C is an undetermined coefficient, and τ(φ − φ c ) represents the effective tortuosity of the electrically connected pores. Moreover, Equation (15) should satisfy the following boundary condition: φ = 1, σ = σ w , and taking it into Equation (15) gives
. Then, Equation (15) becomes:
As mentioned above, only the pore space above the critical porosity forms the effective conductive pathway, and it is appropriate to use the effective tortuosity to describe the effective conductive pathway. Therefore, averaging the tortuosity over the pores with pore diameter larger than r c yields the effective tortuosity:
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Using Equation (6) further simplifies Equation (17) as:
Substituting Equations (12) and (13) into Equation (18) expresses the effective tortuosity as:
Then, we can obtain the following expression:
Furthermore, substituting Equations (19) and (20) into Equation (16) yields the conductivity:
According to Archie's law [48] , the formation factor F can be expressed as:
Equations (21) and (22) give the analytical percolation expression of the conductivity, which reveals that Archie's equation is closely related to the critical porosity and microstructure.
Fractal Analysis of the Permeability Property
The flow in a single tortuous capillary is assumed to obey the Hagen-Poiseuille equation:
where q is the flow rate of a single capillary, µ is the viscosity, and ∆P is the pressure drop. For a porous medium, the total volumetric flow rate is the sum of the flow rates through all the capillaries. Considering that the pore sizes below the critical pore size cannot contribute to the flow rate, integrating the individual flow rate over the pores with pore diameter larger than r c gives the total flow rate Q as:
Moreover, the total flow rate Q can also be given by Darcy's law:
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Then, combining Equations (24) and (25) can obtain the absolute permeability as:
where K denotes the absolute permeability, and A 0 represents the cross-sectional area of a porous medium, which is written as follows:
Substituting Equation (9) into Equation (27) obtains:
Then, combining Equations (11), (26), and (28) yields the analytical percolation expression of the permeability:
Without involving the empirical constants, Equation (29) gives the permeability in terms of the porosity, critical porosity, fractal dimension D f , tortuosity fractal dimension D t , and structural parameters L 0 and r max , which can better describe the seepage property in porous media with complex pore structure. Equation (29) also indicates that the permeability is very sensitive to the maximum pore diameter r max : the larger the maximum pore diameter is, the greater the permeability becomes, which is consistent with the practical situation. Note that the critical pore diameter or critical porosity is not necessarily the same for the electrical conductivity and permeability in a porous medium.
Results and Discussion
In porous media, fluid transport is dominated by the amount of pore space available for flow. Usually, fluid and electrical current flow through the effective pore space, while the stagnant pore space plays a passive role in fluid transport. Therefore, using total porosity values rather than effective porosity in the conductivity and permeability modeling will lead to erroneous results. In this work, the critical pore diameter or critical porosity-which reflects the effective pore space available for flow-is introduced into the fractal geometry to describe the percolation behaviors of the conductivity and permeability. In the following discussion, the percolation models of the conductivity and permeability are utilized to model the rock-electric and seepage characteristics at different critical porosity, study the effect of microstructure on the critical porosity, and compare with the experimental data. The analytical percolation expressions on the one hand provide insights into the significant influence of the critical porosity and microstructural parameters (e.g., pore fractal dimension, tortuosity fractal dimension) on the conductivity and permeability. On the other hand, they also reveal the correlation between the critical porosity and microstructural parameters. Besides, the percolation models could be used to fit and interpret the experimental data well.
The Rock-Electric Characteristics
To start with, the pore microstructural parameters D f and D t remained constant, the conductivity-porosity relationships at different critical porosity are depicted in Figure 1 . It shows that the conductivities at the critical porosity decreased to zero, which proved that the electrical Energies 2019, 12, 1085 7 of 15 current could not flow through the stagnant pore space. In addition, it also demonstrates that the conductivities at high porosity were nearly the same, which means that the critical porosity had little effect on the conductive property at high porosity, while the conductivities at low porosity changed greatly. In short, the critical porosity can be an indicator of the amount of effective and stagnant pores, and as the critical porosity increased, there were more stagnant pores and fewer effective pores, which led to the decrease of the conductive ability. Therefore, ignoring the critical porosity may lead to the inaccuracy of the predicted conductivity. Furthermore, the critical porosity was set to 0.05, and the conductive properties at different microstructural parameters are plotted in Figures 2  and 3 . As an indicator of pore microstructure, the high values of D f and D t represent the strong heterogeneity and complexity of the pore structure. In Figures 2 and 3 , as D f and D t increased and the conductivity decreased, demonstrating that the complex pore structure is an important reason for the high resistivity of water-saturated reservoirs. On the other hand, it was found that when D f and D t increased, the conductivity tended to zero at higher porosity, meaning that high D f and D t can lead to increases of the critical porosity and complex structure can increase the stagnant porosity, which indicates that the critical porosity is a function of the pore geometry. In fact, the percolation behaviors have been found in some Archie's data, and the deviation between Archie's data and the simulation results could not be explained by the classic Archie's law. Archie's data [48] in Figures 4 and 5 illustrate two important phenomena. One phenomenon is that the measured conductivities in Figure 4 decreased to zero at certain porosity greater than zero. Another is that Archie's data in Figure 5 deviate from the fitting results obtained by the Archie equation and exhibits the non-Archie phenomenon on log-log scale. Apparently, the classic Archie's law could not explain these phenomena well. By considering the critical porosity, Archie's data in Figures 4 and 5 could be fitted and explained well using Equation (22), verifying the validity of the conductivity percolation model. 4 decreased to zero at certain porosity greater than zero. Another is that Archie's data in Figure 5 deviate from the fitting results obtained by the Archie equation and exhibits the non-Archie phenomenon on log-log scale. Apparently, the classic Archie's law could not explain these phenomena well. By considering the critical porosity, Archie's data in Figures 4 and 5 could be fitted and explained well using Equation (22), verifying the validity of the conductivity percolation model. [48] and the formation factor F calculated by Archie's law and Equation (22) 
The Permeability Characteristics
In this section, the percolation model of the permeability (Equation (29)) is applied to calculate the permeability at different critical porosity and microstructural parameters depicted in Figures 6-8 , and interpret the experimental data displayed in Figures 9 and 10 . It was assumed that the maximum capillary diameter of 2 µm and the capillary straight-line length of 200 µm in the present calculation were taken in Figures 6-8 . In the case of constant parameters Df and Dt, Figure 6 shows that the effective permeability was greater than zero at the porosity above the critical porosity, Figure 5 . The comparison of Archie's data [48] and the formation factor F calculated by Archie's law and Equation (22) at φ c = 0.05. Reproduced from [48] , Society of Petroleum Engineers: 1942.
In this section, the percolation model of the permeability (Equation (29)) is applied to calculate the permeability at different critical porosity and microstructural parameters depicted in Figures 6-8 , and interpret the experimental data displayed in Figures 9 and 10 . It was assumed that the maximum capillary diameter of 2 µm and the capillary straight-line length of 200 µm in the present calculation were taken in Figures 6-8 . In the case of constant parameters D f and D t , Figure 6 shows that the effective permeability was greater than zero at the porosity above the critical porosity, indicating that the fluid only flowed through the effective pore space rather than all the pore space. Moreover, it shows that the increase of the critical porosity could greatly decrease the permeability, which means that the critical porosity is a crucial factor affecting the seepage ability. Besides, with the change of D f and D t in Figures 7 and 8 , it indicates that the complex pore structure (e.g., high D f or D t ) could result in the decrease of the permeability and the increase of the critical porosity. The increasing critical porosity indicates more stagnant pore space, which is considered as an important reason for the low permeability. Next, the experimental data [49, 50] in Figures 9 and 10 were used to test the percolation model of the permeability, r max and L 0 were taken as 190 µm and 100 mm in Figure 9 , and as 1.3 mm and 100 mm in Figure 10 , respectively. Before calculating the permeability, we first determined the microstructural parameters D f and D t . Although some methods have been developed to obtain the fractal dimensions [19, 51] , the precision of the results is still not proven. Alternatively, here we can determine the fractal dimension D f using Equation (12), and Feng et al. [52] indicated that D f can be best fitted by r max /r min = 1000 for natural and artificial porous media, and the tortuosity fractal D t can be estimated via D f using D t = 2 × (3 − D f ) + 1. Then, the permeability can be directly calculated by the analytical expressions (Equation (29)). By the comparison, the calculation results of the permeability obtained by Equation (29) were not only in good agreement with the experimental data, but were also basically identical to the fitting trendlines (R 2 = 0.9223 and R 2 = 0.9136 for Figures 9 and 10 ) of the experimental data, which verifies the effectiveness of the proposed percolation model. In addition to critical porosity and microstructure, the permeability may be affected by other factors (e.g., the irreducible water or multi-scale pores), and the fitting error can be eliminated to a greater extent by reasonably introducing multiple influencing factors into the model in future study. eliminated to a greater extent by reasonably introducing multiple influencing factors into the model in future study. In summary, the critical porosity is an important factor for the accurate interpretation of rockelectric and seepage characteristics in complex porous media, and ignoring the effect of critical porosity may cause the overestimation of the conductivity and permeability, which eventually influence the formation evaluation. Moreover, the critical porosity is also closely related to the pore microstructure. A complex pore structure can increase the critical porosity, resulting in more stagnant pores, which is the fundamental reason for the decrease of the conductive and seepage abilities in complex reservoirs. In summary, the critical porosity is an important factor for the accurate interpretation of rock-electric and seepage characteristics in complex porous media, and ignoring the effect of critical porosity may cause the overestimation of the conductivity and permeability, which eventually influence the formation evaluation. Moreover, the critical porosity is also closely related to the pore microstructure. A complex pore structure can increase the critical porosity, resulting in more stagnant pores, which is the fundamental reason for the decrease of the conductive and seepage abilities in complex reservoirs. 
Conclusions
In this study, the analytical expressions to connect the critical porosity with the conductivity and permeability were derived without involving any empirical constants using the fractal geometry theory, which provides the theoretical basis of the percolation mechanisms of the conductivity and permeability. The critical porosity and microstructural parameters (e.g., pore fractal dimension and tortuosity fractal dimension) were considered as major determining factors in the proposed percolation models, which contributes to predicting the conductivity and permeability in complex reservoirs more accurately. The simulation results revealed that increasing the critical porosity could Figure 10 . The comparison of permeability data [50] and the permeability K calculated by Equation (29) at φ c = 0.05. D f and D t were estimated by Equation (12) and D t = 2 × (3 − D f ) + 1. Reproduced from [50] , Nedra: 1965.
In this study, the analytical expressions to connect the critical porosity with the conductivity and permeability were derived without involving any empirical constants using the fractal geometry theory, which provides the theoretical basis of the percolation mechanisms of the conductivity and permeability. The critical porosity and microstructural parameters (e.g., pore fractal dimension and tortuosity fractal dimension) were considered as major determining factors in the proposed percolation models, which contributes to predicting the conductivity and permeability in complex reservoirs more accurately. The simulation results revealed that increasing the critical porosity could reduce the conductive and the seepage abilities of porous media, and the critical porosity is a crucial factor resulting in non-Archie phenomenon. The results also demonstrated that the complex pore structure could decrease the effective porosity and increase the critical porosity, which is an important reason for low conductivity and permeability in complex media. Due to the incorporation of the critical porosity, the percolation models could be used to better interpret the high-resistivity water layer in complex reservoirs. The validity of the percolation models was confirmed after its application to the available data.
Given that porous media consist of various types of pores, each type of pore should have independent critical porosity and fractal parameters, and multi-fractal analysis may better characterize the complex pore structure and petrophysical properties. Therefore, future research will extend the present work to the multi-fractal case. 
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